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(a) To find a solution of 2
zy” + (1 —2)y + \y=0, A constant.
insert the Frobenius ansatz
[ee]
= Zaka:k+c, (ap =1)
k=0
to give
(o] (s.o] o0 [4.2]
Z(k +c)(k+c—1agzhte 4+ Z(k+c)akxk+c—1 - Z(k:—}- c)akxk+c+z Aapzhte = 0.
k=0 k=0 k=0 k=0

Summing the third and fourth terms and reindexing downwards gives the single power

series
o o]

Z (ar(k +c)® — ag-1(k+c—1-X)) ghte=l =,

k=0
where the convention a_; = 0 holds. Setting the coefficients to zero gives the indicial
equation ¢? = 0 for k = 0 and the recurrence relation

o (k—1+c—A)
k — Qg1 (.k T 0)2 )
for k > 1. The solution for a; can be written as an expression involving products of k

terms

(k—1+c—=A(k—24+c—A)..(c—=A) T(k+c—-NT(c+1)>?

A =

(k+c)2(k—1+c)%..(1 +¢)? T I(c-NT(k+c+1)?
where the Gamma function identity
I'k+c+1)
(k-l—c)(k:—l-l-C) (14¢) = T_;T)—

has been used to express the products in terms of the Gamma function. Inserting ¢ =0
into the expression for ay, and using I'(k + 1) = k! for integer k > 0, gives the first

solution -
_ '(k )\ o
k=0

as required.

The above formula fails when A = n > 0 integer because I'(—n) in the denominator is
not defined. Instead, what happens is that for K = n + 1 the recurrence relation has
the form

(n—2)

The solution is therefore a polynomial of order n as only {ag,ay, ..., an} are non-zero.
For k < n the recurrence relation is

=0, as A =n.

from which we can deduce that

pﬂx_n+1y(ﬁn+k—l)_(—nk<n
(K1)2 (k) k)’

A =
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since

( n ) _ n! - (n)(n— 1)...(n—k+1)_
k (n — k)k! (k!

Hence we have the Laguerre polynomial result
e k
n\ (=1)
Lo(z) =) < " ) e
k=0
(c) Leibniz rule provides the following formula for differentiating a product n times
n
(™ =3 ( n ) k) (8
k=0 k
Writing and f(z) = 2™ and g(z) = e™* gives (think carefully about differentiating z™

exactly (n — k) times!)

n!
ok, and g®)(@) = (~1)e .

Inserting these into the Leibniz rule formula gives

-5 ) - 551 B (1) S

k=0

f("—k)(x) =n(n-1)..(k+ 1):1:

as above.

2. To seek a solution separate variables u(r, ) = R(r)T'(#) and insert in Laplace’s equation to
give

Ti(dR) R d*T 'rd<dR>_1d2T

r— ﬁ_@_:O’ (1 S = —\ (sep. conms.)

r dr

Looking at the T-equation first, the boundary conditions at § = 0,8 imply that T(0) =
T(B) =0 and

d*T
3—9-2-+)\T 0, T(0)=T(B)=0
is a regular Sturm-Liouville eigenvalue problem on (0, 3). Examining the general solution
Acos v/ + Bsin v 20 A>0
T(9) Cé+D A=0
Ecoshy/—A0 + Fsinhy/—A A <0

it is evident that eigenvalues are only possible for A > 0. The b.c. T(0) = 0 gives A = 0
and T(B) = 0 requires sin v/A8 = 0 for a non-zero solution. Hence we have eigenvalues and
eigenfunctions
k%n? 0
A = 77;_ k > 1 integer, and Ty(f) =sin (k; >
Next, forming the R-equation for A = Ay gives

d [ dRy k2m?
TE‘- (TET—) . ——Rk =0

Trying a solution Ry = rP results in

k2n?
2 P =0, = Ri(r)= Ck’l“kﬂ/ﬁ + Dk'r‘—kﬂ-/ﬂ.
182
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3.

(®)
Temperature must be finite at r = 0, so all Dy =0, and we have the general solution 2

u(r,0) = iRk(r)Tk(O) . i Cyr¥™/8 sin <kT’g9>
k=1 k=1

as required. To find the {C)} we need to use the final b.c. u(a,8) = h(8), or

> Cra*" P Ty (6) = h(8).
k=1

Use the orthogonality condition (c.f. sine Fourier series),

o [ () () 8- {3 12

to take the inner product of both sides with Tj, resulting in

ﬂ .
0™/ = i) = sin inf
(B/2)C;d’ (h, T;) /0 h(6) ( 5 > dé
or

2 p L . 2
C; = W/O h(6) sin (—ﬂ—> de, giving oj = W

(a) Evaluating Laplace transforms

co
() Lle™] = / e~(sta)t gt = . ! valid for Re(s + a) > 0.
0

+a
o0 o0
X o] . o ,—st n 20‘ —q dq_l—‘(a'*'l) : - :
(ii) L[t ]—/0 t“e dt—/0 (s) et — == valid for o # -ve integer,

(using g = st).

(iti) L[g(t)] = / ” F()e~ 10 at = f(s 4 b) valid for Re(s +b) > 0
0
(iv) LIa(t)] = / " ft - et at = / " f(@e @) dg = e=2f(s) usingg=t—c
c 0
(b) First of all note that
t% cosh (Bt) sin (yt) = %ta (e(ﬂﬂi)t — Bty o(=B4i)t _ e(-ﬂ—'ri)t) :
Now use result (iii) with f(t) =t¢
L[t cosh (Bt) sin ()] = % (fs =B —7i) — F(s = B+7) + F(s + B — i) = fls + B+ 1))

_ Tla+1) ( 1 ~ 1 N 1 ~ 1 >
T4\t (=Bt T s+ B -t (s+ B+

using the result (ii). From (iii) above, need Re s > 8 and Re s > —f for validity, i.e.
Re s> |8|.
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(c) The case o = 1 simplifies, using ['(2) = 1! =1, to

. 1 1 1 1 1
Hs) =5 <(s—ﬂ—7i)2 T G-BtE GrA-)E (S+ﬂ+7i)2)

_i<(s—ﬁ+vi)z—(s—ﬂ—vi)2 i {s+ﬁ+vi)2—(s+ﬁ—vi)2)
T4\ (s—B—1)2(s— B+ i) (s + B —7i)2(s + B +~i)?
=i( diy(s — B) diy(s + B) )

4 \((s -8 +9%)2 * ((s+B8)2++%)?

as required.

4. To solve
2?(z+ 1)y" + 2(6z + 3)y’ + 6z + )y =0

insert the Frobenius ansatz

[oe]
y(z,c) Zak(c)xk"'c, ag =1,
k=0
to give
o0 o0 o0
Z ap(k + c)(k +c — Daktetl Z ar(k +c)(k 4+ c — 1)zh+e + Z 6ax(k + c)zhTet!
k=0 k=0 k=0
o] o0 [o 0]
+ Z 3ar(k + c)zkte + Z daphtet! 4 Z apahte = 0.
k=0 k=0 k=0

(a) Re-indexing the first, third and fifth terms (down one) gives a single power series

o0

Z(ak (k+c)(k+c—1)+3(k+c)+1)
k=0

+ak_1((k+c—1)(k+c—2)+6(k+c—1)+6))xk+"=0

where the usual convention a_; = 0 is adopted. Setting the coefficients in the power
series to zero, gives the indicial equation for k = 0

c(c—1)4+3¢+1=0, or c=—1,-1.

and the recurrence relation for k > 1

a =_(k+c+1)(k+c+2)a __(k—l—c+2)a
i (k¥c+1)2 LT Tkt e+ 1) D

as required.

(b) Expansion of the recurrence relation reveals that

kE+c+2)(k+c+1)..(c+3) k+c+2
= (—1)rt = (-pFIIETE
0 = ) e o ey = V5
(using the convention that ag = 1). Inserting ¢ = —1 yields the solution

(o ¢] o

yi(z) = Zak(—l)xk_l = Z(—l)k(k + 1)kt = -al; -2+ 3z —4z?....
k=0 k=0
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(c) The second solution is obtained by first differentiating y w.r.t. ¢

By X e, o day, . dag,  _ (=)}
_8_C = logm kZ=0 ak(C)m + ; XC—(C)IL' y and notlng that E‘(C) = m2—)2‘
Evaluating at ¢ = —1 gives the second solution

(o0}
yo(z) = y1(x) log z + Z(—l)k+1kxk—1 =yi(z)logz + (1 — 2z + 32% — 4z® + ...)
k=1

as required.

(a) The Fourier transform of a convolution is

Aol == [ ([ te-vew dy) e d

- \/.lT—?T /_ ]_ flz —y)g(y)e ™ dzdy
- T —ik(v+y) 5.7
= ﬁ /_m /_m fW)g(y)e dvdy (writingv =1z —y)

i (e [ st o) (e [t o)
= vr f(k)j(k)

(b) Taking the z-transform of the equation and boundary conditions, and applying the
result

Fr@i=—= [ @ as = o= ([foet]” vk [ pet an) = @)

twice to obtain Flugg] = (ik)%0 = —k24, leads to
—K%0 + 1y, =0, a(k,0) = f(k), a(k,y)—0, as y— oo.
Integrating the equation gives
a(k,y) = A(k)e™ + B(k)e ™™, or equivalently 4(k,y) = A(k)e*lY + B(k)e ¥y,

The boundary conditions can be applied to the second form to give A(k) =0, B(k) =
f(k), giving

) . eIl
ak,9) = FReH = VBTG, tor 98) = <=

Clearly u(z,y) can be obtained from the convolution theorem as
[ee]
uwy)= [ fe=09(0)
—00

and it remains to find g(z) to complete the proof.

() = 1 /oo “(k:)e“c“c dk = —1—/00 etkz—lkly dk—l/oocoskxe_lkly dk
gx—‘/2ﬂ_ _oog T on —oo —7"0

=Re _l_/ooek(ix—y) dk =Re{——_i— [ek(ix—y)]oo = Re __1__ =?_J.2_1__2
7 Jo iz —y) 0 m(y — iz) ity

giving the result.
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(c)

Inserting f(z), and noting that

1 lx—t] <a
f(f“‘t)“{ 0 |z—t|>a

so that the limits of the integral become t = z — a and ¢t = z + a, gives

Y i 1 l Y +a 1 {T—a
== —— dt = — — ) -t ;
u(x,y) . ~/a:—a ) +y2 - (tan ” an ”
Write u(r, 8) = R(r)T(6) and insert in Laplace’s equation to give
T d [ ,dR R d ar\
Zdr (T TJ)J%ZSME( gde) 0

or £ (rz-d—Ri> = ———— (sm@i%) = A\ separation cons.

Rdr dr Tsin 6 do

giving the two equations

d (. dT .
pr (smOw) + Asinf0 T =0

d’R dR
2 “ _\p=o.
7t 2r ™ AR=0
Transform the first equation by writing z = cos 8, w(z(6)) = T'(8). The chain rule then
gives
dl'  dwdz . ,dw

W = E@ = '—Slnoa

d dl\  dzd (. 5, dw\ . d 9\ dw
70 (sm@ag—) = (sm 95) —sm0dz ((1 z )dz> ;

which on writing A = v(v + 1) transforms the equation to

diz ((1 - 22)2—1;)) +v(v+ 1)w = 0.

The solution must be regular at the poles § = 0, 7 or equivalently w must be finite at
z = +1, providing the b.c.s for a singular Sturm-Liouville problem. Using information
given, we must have v = k integer, and w(z) = Pg(2), or Tx(0) = Pr(cosf). The
R-equation is now :

‘fi—f + 27~‘;R k(k+1)R =0,
which can be solved using the ansatz R(r) = rP leading to p(p+ 1) — k(k+ 1) =0 or
p=k,—(k+ 1), hence Ry(r) = Agr* + By/r*t! (Ax, By constants). This allows the

general solution to be written

= By
u(r,8) = ZTk 0)Ry (0 Z (Akr + k-{-l) Pi(cos@) as required.
k=0

The solution must be finite at » = 0 hence By = 0 for all k. The boundary condition
at r =1 gives

o0
Z AkPr(cos ) = Ty cos§sin® § = Ty(cos @ — cos® 0).
k=0
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<
Using Rodrigues to obtain P1(z) = z, P3(z) = (523 ~ 3z). Equating sides 4; = 0 Vk ?
except k = 1,3 and

A cosf + Ag (3(5cos®§ — Bcosf)) = Tp(cosd — cos® ),
giving Az = —2Tp/5, Ay = 2T/5, and

u(r,8) = %Q (rP1(cos8) — r’Ps(cos b)) .
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